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Abstract

Training a two layer neural network with gradient descent ensures, with high
probability over the initialisation of the network weights, that the mean squared
error training loss converges to zero, given that the neural network is polynomially
over-parametrized. The convergence rate is bounded by the step size and the least
eigenvalue of a matrix which depends on the input data but not on the initialisation of
the network weights. Convergence is proved as long as this matrix in positive definite,
which is the case as long as no input data are parallel. This is used to directly analyse
the dynamics of the predictions, as opposed to the weights. The problem is first
analysed with gradient flow, for training the first layer and subsequently for training
both layers. Using the results from the continuous setting, the case with gradient
descent is proved. Numerical simulations on synthetic data supports the findings. The
analysis will closely follow [Simon S. Du et al. Gradient Descent Provably Optimizes
Over-parameterized Neural Networks. 2018. arXiv: |1810.02054 [cs.LG]]|.
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1 Introduction

Recent developments, such as the ImageNet project [5], has made large sets of high
quality data readily available. GPUs has also seen large improvements in computing
power recently [18]. Within this framework, deep learning has seen success in many
areas, such as image classification and pattern recognition, where deep learning models
have had a performance comparable to experts [10], highlighting the importance of these
advances. Empirically it has been clear that the training loss is converging to zero
when trained by gradient descent for certain neural network configurations. However,
it has not been well understood theoretically as to why this happens. The goal of this
paper is to showcase why a neural network with one hidden layer can achieve a linear
convergence rate for the loss function, by training with gradient descent, given that the
over-parametrization of the network is large enough. This is considered a stepping stone
towards a deeper understanding of the success of deep neural networks, which in the
future might provide theoretical hints as how to design neural networks in an effective
way.

First, the problem is analysed with an infinitesimal step size, i.e. gradient flow .
This provides key insights into the structure of the matrices that are critical for the
dynamics of the predictions. These insights are later used in the analysis for the gradient
descent algorithm . Furthermore, a section on the gradient flow for training both the
output layer and the hidden layer is provided to showcase the ability of the method to
generalise. Several numerical experiments, with the full code available, are also made to
give empirical insight into the proved theorems.

The analysis will closely follow the one made in |7]. Even stronger results has very re-
cently been published [8], which furthers the analysis done in [7] for deep neural networks,
by applying a similar, albeit more advanced, analysis technique.

1.1 Setting

Throughout this thesis the following setting will often be assumed.

Setting 1.1. Let (2, F,P) be a probability space, let d,m,n € N={1,2,3,...}, x1,X2,...,X, €
R,y = (y1,92, - Yn) € R, let a = (a1,a9,...,a,): [0,00) x Q@ — R™, let for all
re{1,2,....,m} wy:[0,00) x Q = R, let f = (f1,f2,--, fn): [0,00) x Q — R" satisfy
forallie {1,2,...,n}, t €[0,00), w € Q that

fi(t,w) = \/%Zar(taw)a((wr(t,w»*xz')a (1)
r=1

let L: [0,00) x  — R satisfy for all t € [0,00), w € Q that

n

L(t,w) = 5 Sl ) — ), )

=1



let v: Q — R? be a standard normal distributed random vector, let $ = (hig)ijef1,2,.n) €
R™™ satisfy for all i,5 € {1,2,...,n} that

hij = E[XXj1{vsx;>0vx;>0}] € R, (3)

let ||-||5: R® — R be the Euclidean norm on R™, let ||-||;: R® — R satisfy for all b =
(b1,ba,...,by) € R™ that ||b]|; = > 1, |bil, let Mo be the smallest eigenvalue of $, assume
for all j,i € {0,1,2,...,n}, i # j that |x;x;| < [|xi]ly]|x;]l5, let 0: R = R satisfy for all
z € R that

o(z) = max(0, z), (4)

and let H = (h;;);icq12,..ny: [0,00) x @ — R™™ satisfy for all i,j € {0,1,...,n},
t€[0,00), we Q that

1, «
hi,j(taw) = EXZ‘ Xj Z(ar(t7w))2]l{(wr(t,.))*xiZO,(wr(t,.))*xj20}(w)' (5)

r=1

1.2 Related articles

A related article is [15]. There, multiclass classification for a two layer neural network is
considered, trained by stochastic gradient descent (SGD). The loss function considered
is the Cross Entropy loss with soft-max activation. There, the major assumption on
the input data is that the over-parametrization depends polynomially on 5%’ where 4 is
the minimal distance between each of the inputs. The article show that if m > M =
poly(%, 5—1,, B,T), with B being the batch size and T' the number of iterations with SGD,

then on an event with high probability it will hold that after 7" iterations the training
loss will be smaller than a positive constant. However, the article never shows that the
training loss will converge to zero for an infinite time. One strength with this article is
that the analysis is based on SGD which is an algorithm often used in practice. Other
articles which has considered the dynamics of the predictions directly include [19] and
[17]. Similar articles that assume a normal input distribution include [2].

Articles that has analysed the optimisation landscape include |11] and [6] .

In [21] matrices related to $ were analysed to guarantee convergence of the training
loss. Related articles where the considered activation function o was different include
[16], [14], and [20].

Similar results in the setting of deep networks include [12]. In [3] the problem was
considered using tools from optimal transport. Other articles establishing guarantees for
gradient descent training neural networks include [4].

2 Continuous time analysis

In this section the gradient flow algorithm for training the hidden weights of the
neural network [I] will be considered. We will first prove that if no two input data are
parallel, the matrix $ will have a positive least eigenvalue. This quantity will be
central in determining a bound on the convergence rate. We also prove an upper bound
on this least eigenvalue, this will simplify many expressions related to the convergence
rate of the training loss. Then, we show that H(¢,w), which controls the dynamics of
the predictions f(¢,w), will remain close to $) and the weights will remain close to the
initialisation. This will ensure that under certain conditions, the training loss converges



to zero, i.e., for all times t € [0,00), and all w in an event which hold true with high
probability it holds that
L(t,w) < L(0,w) exp(—tAo). (6)

In this section we will follow the article [7] .

Remark 2.1. The major assumption from Setting[1.1] that is used to prove Theorem
1s that no two input vectors are parallel.

Theorem 2.2. Assume Setting[I.1. Then it holds that
Ag > 0. (7)

Proof of Theorem[2.3 Let ¢ € RY,
let ¢y : R? — R? satisfy for all x € R?, ¢ € R that

X x*¢>0
¢x(c) = {O x*c < 0, (®)
note that
bij = E[(¢x,(v)) dx, (v)], (9)

let H be the real vector space of integrable functions f: R — R? with the inner product
(fya)n =E[(f(v)*g(Vv)], let a1, 9, ..., ap € R, and assume that

2

Z bx,; (W)ag|l =0. (10)
i=1 2
Lemma 2.3. Leti € {1,2,...,n} and let D; = {c € R?: ¢*x; = 0}. Then it holds that
D; ¢ Uje{l,...,n}: i Dj'

Proof of Lemma[2.3 Leti € {0,1,2,...,n}, let u; be the canonical Lebesgue measure on
D;, and let for all j € {0,1,2,...,n}, j #1, A;; be the 2 x d matrix given by

A= [ i ] (11)

— X —

Note that D;(D; = {c € R%: ¢ € ker(4;;)}. This, and the assumption for all j €
{0,1,2,...,n}, j # i that [xix;| < ||x4[[y]|x;[|, ensures that dim(D;(D;) = d — 2.
Combining this, dim(D;) = d—1, and D; (| D; C D; ensure that for all j € {0,1,2,...,n},
J # i that p;(D; () D;) = 0. Hence, we obtain that

> (DN Dj) =0. (12)
Y
This and Theorem [7.5] ensures that

1 (Di ﬂ(Uje{l,...,n}: j;éiDj)> = [t U (D; N Dy)
GE{l,n}: i (13)
< Z ui(DiﬂDj) = 0.
j€{1,....,n}: j#i
Hence, we obtain that D; ¢ Ujc(1,... ny: j2iDj. The proof of Lemma is thus completed.
O



Let © € {1,2,...,n}. Lemma now ensures that the set D; \ Ujcq1, . ny: j2iDj 18
not empty. Hence, let z € D; \ Ujeq1,..n): j2iDj, let B(z,7) = {q € R%: |z — q| < 7}, let
Bi(z,7)T = B(z,7)N{c € R%: ¢*x; > 0}, let Bi(z,7)~ = B(z,7)N{c € R%: c*x; < 0}, let
4 be the canonical Lebesgue measure on R%, and let » > 0 small enough to ensure that
B(z,r) N Dj = @. Moreover, note that for j # 4 it hols that ¢x;(c) is continuous with
respect to ¢ in an neighbourhood of z. This implies for all j € {1,...,n}, : j # i, a given
e > 0 and r(e) € (0,00) sufficiently small that

1 1
_ x.c—x.zdc§/ x.(C) — Ox.(z)|dc < €,
ST Sy 1)~ S0 < s [ fo(@ = 00
(14)
and
s | (0 o (@de| < [ ()~ i () de <
T . N\ X — QPx,;\Z >~ TS NN X — Qx;\Z S €
M(Bi(zar)_) B;(z,r)~ ! ! M(Bi(zar)_) B;(z,r)~ ! !
(15)
hence implies that
1
lim ———— « (€)de = ¢, (2), 1
Jim WGz )T /Bz-(z,r)+¢ (c)de = ¢, (2) (16)
and implies that
1
lim ————— . = ¢x.(Z). 1
7"_1>I(I)1+ M(Bi(Z,T)_) /B-(z;r) d) ](C)dc d) ](Z) ( 7)
Next, observe that it holds that
1
lim —————— x; (€)de = x;, 18
rgng w(B;(z,r)t) /Bi(z T)+¢ i(e)de =x (18)
and that .
lim / ¢, (c)dc = 0. 19
D8 W B ) Sy (19
Note that ensures that P-a.s. it holds that
D g, (W) =0. (20)
j=1

Thls lmphes that E " ajdx,(c) = 0 for almost all ¢ € R?. Combining this , 7
, and (19 ensures that

1
= l'[“ S <
0 r—1)0+ M(Bi(z T‘ / (z,r) Za]¢ ]

. 1
—T%MB(ZT/B(M Z“ﬂ‘% o =xiei (1)

This, the fact that i € {0,1,2,...,n} was arbitrarily picked, and for all i € {1,2,...,n}
it holds that x; # 0 ensures that

a1 =..=0ay=0. (22)



This implies for all z € R%\{0} that

n n

z" 9z = <Z bx; 2y Z Px; 2j)H

i=1 j=1

n
=13 w35l >0

J=1

(23)

This establishes that $) is positive definite. This implies that \g = \pin($) > 0. The
proof of Theorem [2.2]is thus completed.
O

Remark 2.4. Note that the assumption in Setting that no two input vectors are
parallel will hold in many real world data-sets. When the Setting is assumed, it is
understood that Ay > 0.

Theorem 2.5. Assume Setting[1.1 and assume for all i € {0,1,2,...,n} that ||x;||, = 1.
Then it holds that
)\0 <n. (24)

Proof of Theorem[2.5. Let z € R™, and note that the assumptions in the theorem,
Lemma and Lemma [7.9] ensures that

2 0¥ * ||zl 25
Aollzl5 S;;!E[(%( ))*bx; (V] |1zl |21 25)

2 2
< |zl < nllzl;-
The proof of Theorem [2.5]is thus completed. O

Theorem 2.6 (Convergence Rate of Gradient Flow). Assume Setting[1.1], let C € (0,00),
assume for all i € {0,1,2,...,n} that |xil|, = 1, assume for all i € {0,1,2,...,n}
that |y;| < C, assume for all v € {0,1,2,...,m} that w.(0,.) ~ N(0,I) and a,(0,.) ~
Unif[{—1,1}] are i.i.d. random wvectors, assume for all t € (0,00), w € Q that a(t,w) =

a(0,w), let K = W, assume that m > %, let 6 € (0,1), assume for all
0

re{l,2,...,m}, t €[0,00), w € that

dw,(t,w) 1 <
i = 7 ) 3)ail )z () (26)
=1
n(C?+1
let 61 =0y = 03 = 3, let R = Y2732 ot By = {w € Q: |ly — f(0,w)| < %} €F,
let Bo(w) = {Wi,Wa,..., W, € RY: max,eq1o myl|wi(0,w) — Wi (w)|2 < R}, let hy;

satisfy for alli,j € {1,2,...,n}, Wi, Wa, ..., W, € R? that flm = %X;Xj Yoy L (W) 520, (W) x>0}

~ 2
let By = {w € Y supwlﬁz’._’%neBo(w){ h; ; — hivj(O,w)’} < 5‘2%} € F, and let

B, = ﬂZ}n_l{w € |hi,j(0aw) - f)i,j| < ﬁ 10g(2£2)} € F. Then

(i) it holds that P(By N By N By) > 1 — 6
(i) it holds for all t € [0,00), w € By N By N B3 that

1£(t,w) = yll5 < exp(=Aot)[|f(0,w) — yll5. (27)



Proof of Theorem[2.6. Note that the assumptions of Theorem [2.6] simplifies
H = (h;);jeq1,2,....n) from Setting for all 4,5 € {0,1,2,...,n}, t € [0,00), w € 2 to

h; (T, w) ZX X] 1wy (£,))* x5 20, (wr (£,.))*x; 20} (W) (28)

Next observe that for all ¢ € [0,00), w € € it holds that
d 1 -~ d N
gfi(taw) = Jm Tzlardta((wr(t’w)) x)

1 & . d
- ﬁ Z arX; ]1{(Wr(t,-))*x20} (w)£wr(t, w)

= X] fzarll{ (wr ) 203 (@) D (W5 = J5(6w))arX; L (v, (1), 20} (29)

7=1

I
M:

f] t W ZX X] wr(t,.))*xi20,(w,«(t,.))*xj20}(w)

.
I
—

I

(y; — fi(t,w))hy ;.

<
Il
-

Hence, we obtain that

& 1(t,0) = Hlt, @)~ S(,0). (30)

Lemma 2.7. Assume Setting assume for all i € {0,1,2,...,n} that ||x;|, = 1,
assume for all v € {0,1,2,...,m} that w,.(0,.) ~ N(0,I) and a,-(0,.) ~ Unif[{—1,1}] are
i.i.d. random wvectors, let 61 € (0,1), and let

il 1 2n?
Then P(By) 2 1 — 61, for all w € By it holds that |H(0,w) — 9], < %, and
3y
Amin(H(0,w)) > 52

Proof of Lemma[2.7. Let §' = 5—1 et A, = {w € Q: |h;;(0,w) — b < /o log<52—,) },

let X7, (t,w) satisfy for all 4,5 € {1,2,...,n}, 7 € {1,2,...,m}, t € [0,00), w € Q that
X7: ( ) XZX]]l{( #(t,))* %20, (wre (£,.))* szo}(w) . FiI“St, observe that

h;;(0,w) — b = ZX X5 L1 (w, (0,.))"3:20,(w (0,.)) *x,; >0} (W)

-E {Xij ]l{(wr(0,.))*xi20,(wr(0,.))*x]~20}} (32)

r=1

- \;Zw 0.0) - E[Xz:jw,-m\-



Note for all i € {1,2,...,n} that {(w,)*x;}/; are independent random variables. This

implies for all i, j € {1,2,...,n} it holds that {X];}]", are independent random variables.
Combining this, , and Theorem implies that

1 2 /
P({w € Qi iy (0,) — byl < mlog(é,)}) >1-4. (33)

Next we combine and Theorem to obtain that

Pl 45 ) <D P45

i,7=1 7,7=1 (34)
< n2s'
= d1.
This implies that
P(B1) > 1 —d1. (35)

Hence, for all w € By it holds that

(0, w) — $]3 < [[H(0,0) = 17

= Z by ;(0,w) — by |

ij=1

2n? n
< —1log| — |.
m (51

Next, note that the assumption on m and Theorem ensures that

Knb S n2810g(37”)

> 37
=S T A (37)
Next we combine this and to obtain for all w € Bj that
Ao
[H(.2) - 5], < 2. (39)
This, combined with Lemma [7.8 ensures for all w € By that
3o
B0, > 2 (39)
The proof of Lemma [2.7] is thus completed. O

Lemma 2.8. Assume Setting assume for all r € {0,1,2,...,m} that w,(0,.) ~

N(0,I) and a-(0,.) ~ Unif[{—1,1}] are i.i.d. random vectors, let R be given by R =

%, let 61,62 € (0,1) let for allw € Q

Bo(w) = {W1,Wa,..., Wy € R max,eq1o oy [Wr(0,w) = Wella < R}, let H = (hyj); jeq12,..n} €
R™*" satisfy for all Wi, Wa, ..., W € R? that

. 1, &
Bij = 0% D L) xi20,() %, 20) (40)
r=1



h; ; — hl}j(O,W)’} < 542%} € F, and let

B, = ﬂz,]nl{w € Q: ‘hi,j(O,W) — f)@j’ < ﬁ 10g<2£2>} e F. Then

(i) 25w — supv;,h‘;v%m’v;,meBo(w){ h;; — hiJ(O,w)‘} € R is measurable.

(ii) it holds that P(By) > 1 — 09

(iii) let w € By N By and let Wi, ..., W, € R? satisfy for all v € {1,2,...,m} that
W, (0,w) = W, |l2 < R. Then it holds that |H(0,w) — Hl|s < 22 and i (F) > 22.

Proof of Lemma[2.8 First, note that w,.(0,.) is a random vector ensures that
L{(wy(0,.))*x:>0,(wy(0,.))*x,; >0} 18 measurable. This combined with the fact that sums, supre-
mums, and addition by constants to measurable functions are measurable functions es-
tablishes item . Note that Theorem ensures that

2R
PH{|(w,(0,.)*x;] < R}) < —. 41
({I(wr(0,.))" x| < R}) N (41)
Obseve for all w € B, j € {1,2,...,n} that |xj(w;(0,w) —W,)| < R This, combined
with and the fact that w1(0,.),w2(0,.),..., wy(0,.) are independent ensures for all




i,7 €{1,2...,n} that

sup {

VAVl»VAVQ:”wVAVmeB(')

{ 1
sup —
W1,Wa,..,wn,eB() LT

E

by — hy (0, )\}]

=E

XX Z 1w, (0,.))"5:20,(wr (0,.))*x; 20} (W)
r=1

]

1], &
X35 D Ly (0,) 520, (w, (0,.)) ", 20} (&)

sup {
W1,Wa,..,WneB() LT =

— L) 720,(w0) %205 T L{(wr(0,))73:20,(Ws) "x; >0}
X5%5 ) Lyt (0,)) %20} (L(wr(0,)7x; 203 (@)
r=1

= Ly, ) x,20,(W,) x>0}

=E

~ L{(w (0,520, (W) *x;20}

=E

{ 1
sup —
W1, Wa,..,WneB() LT

= L) x;20)) T L{(in); 201 (L{(wr(0,)) %203 (W) — 1{(%)&»0})'}]

IN

1 m
~ ZE[ sup ){}1{(WT(0,.))*X¢20}(¢0) = L) x>0} |
r=1

VAV1,VAV2,...,VAVm€B(.

+ sup {‘ﬂ«wr(o,.))*szoﬂw) - ﬂ{(v‘vﬁ*xﬂo]“}]

W17w2»~~~7wm€B(')

IA

1 = * *
- > P({I(w,(0,.))"xi| < R}) +P({|(w(0,.))"x;| < R})
r=1
< 4R
~ Ve
This and the fact that the expectation is linear ensures that

E z”:i ) sup ('){

i=1 j=1 Wi1,W2,...,.WnEB

4Rn?
V2T

This, item , and Markov’s inequality ensures that P(Bg) > 1 — d9. This establishes
item . Let & € By N By and let W, ..., W,, € R satisfy for all 7 € 1,2, ..., m, that
|wy(0,&) — W;||2 < R. Lemma [7.6] and Theorem thus ensures that

hij — hi,; (0, )’} < (43)

] < o)
< ZZ‘BU —h; ;(0,0)
i=1 j=1

i=1 j=1 W1,W2,..,Wm €B(®)
4Rn?

< .
vV 271'52

10



This, combined with the fact that R = V210220 onsyres that

n216
H - H(0 A)‘ <2 (45)
— @ =,
e T 4

Next we combine this, Lemma and Lemma [2.7] to establish that

. R A . A
Amin (FL) > Apin (H(0,&)) — ||EL — H(0, &) ]2 > 2. (46)
The proof of Lemma [2.8] is thus completed. O

Lemma 2.9. Assume that the conditions of Theorem hold, let w € Q, let t €
(0,00), assume for all s € [0,t] that Apin(H(s,w)) > 22, and let Ry be given by Ry =

2O IO Then for all s € [0,4) it holds that i
ly = f(5,w)[13 < exp(=Aos)lly = f(0,w)[l5, (47)
and for all r € {0,1,2,...,m}, s € [0,t] that
[wr(s,w) = wr(0,w)lly < Ry (48)
Proof of Lemmal[2.9. First, note that ensures for all s € [0,¢] that

d 0fs.
Dy 5,03 = ~2ly — £(s.)], T

— 2y — f(s,w)) H(t,w)(y — f(s,0)) (49)
< —Xolly — f(s,w)|l3-

This ensures for all s € [0,¢] that

© (exp(os)lly — F(s,0)[2) <0, (50)

This implies for all s € [0,¢] that

ly — f(5,0)ll3 < exp(=Aos)lly — f(0,0)]3. (51)

Next, note that (26]), the fact that |[x;|l, = 1, (51)), and Lemma ensures for all
s € [0,t] that

n

Z(fi(sa w) — yi)arxiﬂ{(wr(s,.))*xizo}(w)

=1

1 n
< T ;Hfi(sw = il

1
2 VM

dw,(s,w)
ds

2

< \/%;Ilfi(s,w) — il (52)
- jguf(s,w) oyl
< VE10.0) -l exo( 75

11



This, combined with Theorem [7.3] implies that

A
_/0 dwrés) st (53)

< [ Y2510, wlesp 25 s

2¢/nlf(0,w) —yll,
= VmAo =

The proof of Lemma is thus completed. O

Note that Theorem [7.1} E[a?] = 1, and for all r € {1,2,...,m}, i € {1,2,...,n} it
holds that E[(o((w,)*x;))"] = % ensures for all 7 € {1,2,...,n} that

1
E[f2(0,.)] = 5. (54)
Next, combining for all » € {1,2,...,m} that a,(0, .) is independent of w,.(0, .), E[a,(0,.)] =
0, (54), for all i € {1,2,...,n} that |y;| < C, and the linearity of expectations ensures
that

[Hy f Zyz - 2yz fz )] +E[f12(07 )]
— gzjy +3 (55)

2, 1
_n(C +2 .

n 241 n w)—
Let B3 = {w cQ: |ly— f0,w)]5 < (05;2)} and let Ry = W. Note that

lly — f(0, )H% is a non negative random variable. This, (55), and Markov’s inequality
ensures that

P(B3) > 1 — d3. (56)
This combined with fact that m > % ensures for all w € Bs that
TAG0503
Ry < R. (57)

Lemma 2.10. Assume Setting[1.1], assume that the conditions of Theorem [2.6 hold, let
By = {w €Q: Iy — £(0,w)|2 < (”)} € F, let

By(w) = {wl,wz,.. , Wi, € R?: maX,ef1,2,...m}|[Wr(0,w) — Wi (W), < R}, let

By {w e N: Z]Z 1 SUD%, ... ¥ € Bo (w0 ){ flu —h; ;(0, )‘} < 541\%/”—}, and let

Bl:mz] I{O‘)GQ ‘h’L](O (,d) bl,j’ém}ef Then

(i) P(B1NBaNB3)>1—61 —a—63=1-96

12



(ii) for allrT € {0,1,2,...,m}, t € [0,00), w € BN By N Bs, t € [0,00) it holds that

[wr(t,w) = wr(0,w)[ly < R (58)

(iii) for allw € By N By N Bz, t € [0,00) it holds that

A
(iv) for allt € [0,00), w € By N By N By it holds that that
ly = f(t.)5 < ly = £(0,0)|5 exp(—=Aot) (60)

Proof of Lemma[2.10, First note that Lemmal[2.7, Lemma[2.8|and (56), establishes item ().
We prove item by a contradiction argument.

Assume there exist 7 € {0,1,2,...,m}, wg € BN By N B3, t € [0,00) such that
does not hold. Then by Lemma there exist a sg < ¢ such that A, (H(sg,wp)) < 22.

2
This and Lemma [2.8| ensures that there exist a finite time ¢ty < sy such that
to = inf{t > 0: ma w,(t,wp) — w,(0,w >R 61
o= intf> 00 maxwitn) — wi(0.n)l > ) )

This, combined with the continuity of W (¢) ensures that there exist a rg € {0,1,2,...,m}
such that
[[Wro (to, wo) — Wiy (0, WO)H2 = R. (62)

This and Lemma implies for all ¢ < tg that A\ (H(t,wp)) > % This combined with
Lemma [2.9] ensures for all r € {0,1,2,...,m} that

[ (t0, wo) — wr(0,wo)lly < Ri. (63)

This, combined with the fact that R; < R and gives a contradiction. This establishes
item . Lemma and item (i) establishes item . Lemma and item

establishes item (iv). The proof of Lemma is thus completed. O
The proof of Theorem [2.6]is thus completed. O

Remark 2.11. This result is an improvement on the result in [7] in that it is possible
to see at the moment of initialization if w € B1 N By N Bg, and hence if convergence is
guaranteed. If convergence is not guaranteed it is possible to re-initialise until convergence
1 guaranteed.

3 Discrete time analysis

Throughout this section, we will consider the convergence of the training loss for a
neural network trained by the gradient descent algorithm . The proof idea is to
develop several inequalities that allows us to prove that if m is large enough, and 7 is
small enough, with a high probability over the initialisation it holds for all k£ € Ny that

Iy = 70+ 1,0l < (1= 20y — 7,0 (64)
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From the continuous time analysis we will need Lemma [2.§ and hence also indirectly
Lemma to bound the least eigenvalue of H(k,w). Both of which are valid indepen-
dently of the optimisation algorithm used. In this section we will follow the article [7].

Theorem 3.1 (Convergence Rate of Gradient Descent). Assume Setting assume
for alli € {0,1,2,...,n} that ||x;||, = 1, let C' € [0,00), assume n > 3, assume for all
i €40,1,2,...,n} that |y;| < C, assume for allr € {0,1,2,...,m} that w,(0,.) ~ N(0,1)
and ar(0,.) ~ Unif[{—1,1}] are i.i.d. random vectors, assume for all t € (0,00), w € Q
that a(t,w) = a(0,w), let n < 2%, let Ky = W, let 6 € (0,1), let m > Kon?

8n2’ BYTEN

assume for all k € No, r € {1,2,...,m}, w € Q that

wr(k+ 1,w) = w,(k,w) \/>Z filk,w) = yi)arXiLg(w, (t,))x; >0} (W), (65)
let 6y =8, = 63 =6, = 3, {%}7, Ry = 290 et by ; satisfy for all i,j € {1,2,...,n},
Wi, Wa, ..., W, € R? that h” X x>, 1 {(Wr) 20, (W )*x; 20 » let R = @222’\0, let
Aip = {Bw: [w = Wy (0,0)ll, < R, Lixcw, 0. >0}( W) # Lprwzo) | € F, let
{WEQ' Si{re{t2,...om}: 14, (w) =1} < sz"RS}G]:, let
(w {1, Wo,..., Wy, € RY: max,c(12 ‘_.m}HWT(O,w) Wrlly < R}, let
- {w € ZJZ 1 SUPW,Wa,...,Wm €Bo(w ){ fli,j —hi;(0,w )‘} < 41\%}} € F, let

S

1 ﬂ?]n:l{w € Q: |h;(0,w) — b, | < zillog(zénf)} c F and let

n(C?2+1
By — {w €Q: ly— F(0,w)|2 < (53”} cF.
Then

(i) it holds for all k € Ng, w € By N By N B3 N By that
77/\0
1F (kyw) = yll3 < (1= 2)8(1£(0,0) = yll3. (66)

(ii) it holds that P(By N Bo M By By) > 1 — 6
Proof of Theorem[3.1].

Lemma 3.2. Assume the conditions of Theorem let ke Ng=4{0,1,2...}, let Ry be
given by

Ry = W, assume that holds for all k' € {1,2,...,k}, w € B. Then it
holds for all r € {0,1,2,...,m}, w € B that

[wr(k +1,w) = w(0,w)]|, < Ro. (67)
Proof of Lemma([3.9 First note that n < 8 20 Theorem [2.6(and Theorem.ensures that

2
0<n<—. (68)

Ao

This ensures that 1 4
<o (69)
Ao \ 2 0
1 (1 - ’770)



Note that , the triangle inequality, , the formula for a geometric series, Lemma
and ensures for all w € B that

k
W (k 4+ 1,0) = Wi (0,0) [l <D [[We(j + Lw) = wp(j, )l
§=0
k 1 n
= == _(filh, @) = v)arXil (s, (1, x, 20} ()
§=0 \/rn i=1 2
0 k
< LSSk - il
\/mj:(] i=1
n k n
< ﬁz | fi(k,w) — willy
§=0 i=1 (70)
k
_ Z”f(' _
- j,&)) y”l
k
n/n ,
<= If(,w) — ylls
k
nyn nAo
< V2 1 1o
< Dl =50, >||2]§;; 5
< m/n 4
— f 77)‘ H (va)H2 = RQ'

The proof of Lemma [3.2] is thus completed. O
Lemma 3.3. Assume Setting|1.1), let Co = \ﬁ’ c= ‘/12;, R3 = C%‘S‘*, let A;, € F be
given by

Ay = {33 W = we (0,0)lly < R, Lty 0,020 (@) # Lprwsoy o (71)

let S;: Q — 212} gotisfy for allw € Q, i € {1,2,...,n} that
Silw) ={re{1,2,...,m}: 14, (w) =0}, (72)

let Si: Q — oAL2mb satisfy for allw € Q, i € {1,2,...,n} that
SH(w) = {1,2,...,m} \ Si(w), let |Si|: Q@ — {1,...,m} satisfy for all w € Q, i €
{1,2,...,n} that ‘Sﬂ(w) = ‘SL |, and let

By = {w € Y0 |SH(w) < M} € F. Then it holds that
P(Bs) 21— ds. (73)

Proof of Lemma([3.3. First, let X: Q@ — R be a standard normal random variable, let
b € [0,1] be given by

= P{|X] < Rs}), (74)
and let Y: Q — R be a random variable that satisfies Y ~ bin(b, m). This, combined

with the expectation of a binomial distributed random variable, , and Theorem
ensures that
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E{Sﬁ

} E
_E
_E

HTG{O,LQ S,m}: ]]‘Ai,'r(’)?éo}l]
{re{0,1,2,...,m}: we A4;,}]

{r € {0, 1,2 c,m}|we(0,.)) x| < Rs}]
Y]

m

[
MNE

Rsm

Nt

This, the linearity of expectation, the fact that |SZJ" is a non negative random variable,
and Markov’s inequality [7.2] ensures that

IN

P(By) > 1 — 4. (76)

The proof of Lemma, [3.3]is thus completed. O
Let S;: Q — 212} gatisfy for all w € Q, i € {1,2,...,n} that

Si(w) ={re{1,2,...,m}: La,,(w)= =0}, (77)

let Si-: @ — 21127} gatisfy for all w € Q, i € {1,2,...,n} that
Sit(w) = {1, 2, .o.,m}\ S;(w), let k € Ny, assume that hold for all k" € {0,1,...,k},
w € B, let IZ Q—)Rsatisfyfor alweQ,i€{0,1,...,n}, ke Ny ={0,1,...} that

TES (78)

- "ﬁ ;(fj(’fv W) = Y3)arX; Li(w, (1,)) ;204 (@) %;) — o (W (k, w))"x;)),

let I;’k: Q — R satisfy for all w € Q, 7 € {0,1,...,n}, k € Ng ={0,1,...} that
ik
1% (w )

ar(o((wy(k,w)
\F rezs:l (79)

- "ﬁ ;(fj(k, W) = Y7)ar X L{(w, (1,))7x; 200 (@) X;) = o (W (k, w))"%;)),

let H- = (hij)i,je{l,l...,n}: No x @ — R™™ satisty for all 7,5 € {1,2,...,n}, k € Ny,
w € ) that

by (k,w) Z XX L (w, (k)i 20, (o (1)) 35 >0} (@) - (80)

rESL

First, observe that

filk+1,0) = filk,w) = I?F (W) + IX¥(w). (81)
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The fact that o is a 1-Lipschitz function, , and Lemma ensures for all w € Q,
i€{1,2,...,n}, k € Ny that

I4(w)|
< LS 2 S0tk - e (@)
< (kW) = y5)arX; Liow, ,))x; 20 (W) | X5
VI st \ VT =1 '
n 1 1 &
< —=|5; |(w max — i(kyw) —yi)arXi Lo, (t.)) % w) | x;
T Vm ()TE{O,LZ,...,m} \/ﬁ;(f]( ) = )X D w, () 5,201 (@) | % (82)
Ui 1 I
< |5 (w)  max == "(f5(k,w) = ¥;)arX; L, ¢,)7x, 204 (@)
\/m’ ‘ re{0,1,2,...,m}|| /T = )
< |9+ n k _
= Sz (w)me( aw) yHl
nvn
< [ ) 2 (k) — ol

The assumption that for all " € {0, ..., k}, w € B that holds and Lemma ensures
for all r € {0,1,...,m}, w € B that

Iw(k+1,w) = w(0,0)l], < Ro. (83)
Moreover, observe that m > I;};f’ Ry = W’ R3 = %%54 ensures for all w € B3
0
that
Ry < R3. (84)

Note that (84), (55)), and ensures for all w € BN By, r € S;(w), k € Ny that

]l{xi*wr(kJrl,.)zo}(w) = Il{x;wT(k,.)zo}(W)- (85)

Next, note that , , and ensures for all w € BN Bs, i € {1,2,...,n},
k € Ny that

I*(w)
7’] n
== ar | D (iR @) = 1% L, () x,20 (@) | X {(uw, (b)) xiz0} (@)
res; 7j=1
1NN (86)
i~ D XKL (wr () 120, (w0 (k) 203 (@) (F (B, ) = 75)
TES-; j:1
= =13 (fi(ksw) — ) (i w) = b))
j=1
This ensures for all w € BN Bs, k € {0,1,...} that
— 1 = (~H(k,w) + Hlk @) ) (v = S (k). (87)

17



Moreover, Lemma [3.3] ensures for all w € By, k € Ny that

LIRS BT

i=1 j=1

n o n ‘SLQ(LU) n TL}SLF(W)

D D D

kw‘

i=1 ]:1 =1 (88)
n (=] ol |?
< 2 (Z; S (w)>
ni
m
This ensures that 3/2
2 04

Next note that Lemma o is 1-Lipschitz, , and definition of f; ensures for all w € 2,
k € Ny that

1 m 1 n *
i Lw)— filk,w)] < —= — (kW) — ¥i)arXi Ly (w,.(t,)*x i
[filk +1,w) = fi(k,w)| \fz:: (\/ﬁ;(f(k w) = yi)arXil{(w,(t,) 1>0}(w)) x
m 1 n
< *Z (filk, @) = yi)arXil{(w, t,)) x>0} (@)
\/> r=1 1:1 1
77 m
< =
= z:: -yl
< nv/nllf(k,w) = yll,-
(90)
This ensures for all w € Q, k € Ny that
1f(k +1,w) = f (kw3 < 10?1 £ (k,w) = yll3- (91)
Furthermore, observe that Lemma [3.2] ensures that
~(y— f(k,w) Bw) < sz — filk, )| 154 ()]
nf
ly = £ (R, ) ly - W[  ©2

2 RgnmC'Q

< By — ik, w)l}

Moreover, Lemma, , the fact that do = d4, and ensures for all w € BN By N
Bs N B that

(T ) H k) — £ (k) < 2y — 7k )2 (93)
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Combining this, , , , , , and ensures for all w € By N By N
Bs N B4 N B that
ly — f(k+1,0)|3
= |y = f(k,w) + (f(k,w) = F(k+1,w))ll3
= lly = f(k, w5+ I (k+ 1,0) = f(k,w)|l3
—2(y — f(k,w))'T5 — 2(y — f(k,w))' T}

= lly — S w)[3 + 1 G+ 1L,w) — £k, )]3 (94)

—2(y — f(k,w))* 5 = 2n(y — f(k+1,w)) H(k,w)(y — f(k,w))

+2n(y — f(k+1,w) B (k) (y — f(k,w))

nn? R3Cy o2nn3/2Cy Ry

< (o + 2 TCE g 2T )3
This, combined with R3 = ‘3)‘054 , C = ﬁ’ c = %, and n < 8’\702 asserts for all w €

B1 N By N B3N ByN B that

2
Iy = £+ 1613 < Iy = S B (14 don( -1+ 55+ 4 122 )) (05)

X 4 4yn
<ly - k)3 (1-20).

Combining this and induction on k ensures for all w € By N By N B3N By, k € Ny that

ly = £+ 1)1 < lly = S k,w)l3 (1 - 57 )- (96)

Observe that Lemma |3.3| and Lemma establishes that P(B1 N Ba N B3N Bsg) > 1—9.
The proof of Theorem [3.1] is thus completed.
O

4 Jointly training both layers

In this section we will consider the gradient flow algorithm for training both layers of
the neural network . The analysis will be similar as when we trained only the hidden
layer, the bound on m will be of the same order of magnitude, and the bound on the
convergence rate will be the same. In this section we will follow the article |7] .

Remark 4.1. Note that the assumptions and resulting convergence rate in Theorem [{.2
are similar to the assumptions of Theorem [2.6.

Theorem 4.2. Assume Settz’ng let C' € [0,00), assume for all i € {1,2,...,n} that
Ixilly = 1, s < C, let 6 € (0,1), K = ZIECHDF 1y > Kn' max(3352,27rlog(4”m)>,

)\45
assume for all r € {0,1,2,...,m} that, w.(0,.) ~ N(0,1) and ar(0,.) = Unif[{—1,1}]
are i.i.d. random vectors, assume for all r € {1,2,...,m}, w € Q, t € [0,00) that
dw,(t,w) R
i I ;(fz’(tﬂw) = Yi)arXi L (w, (1)) x>0} (W)

n

W == Z(fz‘ - ?/z‘)\/lma((wr(t,w))*xi)j

i=1
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let 61 = 69 = 03 = 05 = g letl;lij satisfyforallijE{l,Q,...,n}, Wi, Wa,..., W, € R%,

Q1,82 € R that yj = 153 32 1 0211w,y x50, (ws) w20} let R = Y2000 ey

5= 2 { 0.0 ] < llog(Q”m>} ¢ 7, la
By(w) = {Wl,\;\fQ, o W € RY: max,e(1.2,...m}||[Wr(0,w) — W[, < R} let

By = {w € Q: Z]’L 1 SUD; W, .. Wm€Bo(w ){ lfl%] — hZJ(O,L{))‘} < 64];3/@} S F, let

By =7 1{weﬁ [hay (0,00) — bi,j|§m}€fandlet

n(C?2+1
Bs = {w e Q: Hy—f((),w)Hg < (C(;;”)} € F. Then

(Z) it holds that P(Bl N By N B3zN B5) >1-6
(i1) it holds for all t € [0,00), w € By N By N B3 N Bs that

1£(t,w) — yll3 < exp(—Aot) || £(0,0) — yll3. (98)

Proof of Theorem[].34 First, let Ry, R4, R, and R, be given by R, @222)‘0 =&

/

oo Ry = S 1(0.0) =yl and R, = 5502 (o () ) 170,6) = il and
let G = (gi)ije(1,2,..n}: [0,00) x @ — R™" satisfy for all 4,5 € {0,1,2,...,n}, w € Q,

777777

R_

gtw) =Y %a((wr(t,w))*xi)a((wr(t,w))*xj), (99)

dfi(t,w) B 1 e
da, ma((wr(t,w)) Xi), (100)
, and ensures that
W) _ (1, 0) + Gt — f(tw)). (101)

dt
Lemma 4.3. Assume Setting assume that the conditions of Theorem [{.3 hold, let
we N, te(0,00), assume for all s € [0,t] that Apin(H(s,w)) > % Then it holds that

ly = f(t. )5 < lly = f(0,w)|5 exp(=Aot)- (102)

Proof of Lemma[].3 First, note that Lemma and the fact that G(t,w) is positive
semi-definite ensures that

Sl = Fe@)E = ~20 = F(t,0))" (H(t,0) + Gt )y — (6,)) < —dolly = 76,

(103)
This ensures that J
= (expat)lly = f(t.w)I13) <. (104)
This implies that
ly = (&, w)ll5 < lly = £(0, )5 exp(=Aot). (105)
The proof of Lemma [£.3]is thus completed. O

20



Lemma 4.4. Assume the conditions of Theorem @ hold, let Wi, Wo,..., W, € RY,
a1,G2, ..., am ER, let H = (hl7])17]6{1,27.__7 y € R satisfy for alli,j € {1,2,...,n} that

m

. 1, R
h;; = —x7x; Z afﬂ{(wr)*xgo,(m)*szm, (106)

m
r=1

let 61,62 € (0,1), let By = (V- l{wGQ Ih; ;(0,w) — by | < 110g<2;f)}ef,32:

{W €Q: Z]z 1 SUPW 1 Wo,... . Wi €Bo(w ){‘ﬁi,j —h; ;(0, )‘} < 4}\2/71*} let w e B1N By and
assume that for all r € {0,1,2,...,m} it holds that

[Wr — wr(0,w)lly < Ru, (107)
and
iy — a,(0,)| < Re. (108)
Then
(i) it holds that
. A
(H—H(o,w)H <7 (109)
(i) it holds that
- A
Amin (H) > 50 (110)
Proof of Lemmal[{.4 Lemma [2.8and (106) ensures that
HH - H(O,w)H <0 (111)
2~ 8
and N
Amin(H') > 30 (112)

In the next step, observe that

~

h;j —h; ;| < Z|€L2 — 1! (113)
< R§ -+ 2Ra.
Note that Theorem 2.5 ensures that
A% < n?10. (114)

Combining this, (113), (111)), Lemma and Lemma and the triangle inequality
ensures that

o - mo., < [E e, + om0,

115)
X A (
< n2(R2 20 <20

<n?(R%+2R,) + = s <7
This, Lemma [2.7] and Lemma [7.§] ensures that

. A
Amin(H) > . (116)
The proof of Lemma [£.4] is thus completed. O
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Lemma 4.5. Let w € Q, assume that for all s € [0,t] it holds that

A
Amin (H(s,w)) > 50 (117)
and assume that for all r € {0,1,2,...,m}, s € [0,t] it holds that |a,(s,w) — a,(0,w)| <
R,. Then it holds that

lw,(t,w) = Wi (0,w)]ly < Ry (118)

Proof of Lemmal[{.5 First, note that Lemma ensures that for all s € [0,¢] it holds
that

n

dw,(s,w) 1
H ds ) = \/ﬁ Z(fi(svw) —yi)ar(saW)Xiﬂ{(wr(s,,))*xizo}(w) )

TZ (fi(s,w) = yi)ar(s,w)ll,
ar(s 119
<! 'Znﬁ (5,w) - will, (119)

_ \ar(&w)!f B

- \/m Hf(S,L«J) yH2
la(s,w)|v/n —Xos

< B IVE - .

— \/m Hf(07w) yHQGXp 2

Note that Theorem 2.5 ensures that
R, <1. (120)

This, combined with (119), Lemma implies that

b dw,(s,w)
er<t7w) - W’I‘(va)H2 = H/ d ds
0 S

d
Wr(57w) ds
ds 9

< \/ﬁHf yHQ/ lay (s, w exp< Af)d (121)

2

\/ﬁ
< Y21£10.9) - ylolFa + 112
S 10.6) = Yl = R

The proof of Lemma [£.5]is thus completed.
]

i,r=1

Lemma 4.6. Let Bs = (" {|(wr(0,w))*xi| <4/ log(2nm> }, letw € Bs, t € (0,00),
assume for all s € [0,t] that

Ao
2 9y
and assume for allr € {0,1,2,...,m}, s € [0,t] that |w,(s,w) — w,(0,w)||; < Ry. Then

Amin(H(s,w)) > (122)
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(1) it holds for all v € {0,1,2,...,m} that
|ay(t,w) — a,(0,w)| < R, (123)
(it) P(Bs) = 1 — 05.

Proof of Lemmal[{.6 First note that Lemma ensures for all r € {0,1,2,...,m}, i €
{0,1,2,...,n} that (w,(0,.))*x; ~ N(0,1). This, Theorem and Theorem thus
ensures that

P(B5) > 1 — 05. (124)
Let w € Bs, t € (0,00), assume for all s € [0,¢] that
Ao
2 )
and assume for all r € {0,1,2,...,m}, s € [0,t] that ||w,(s,w) — w,(0,w)]|; < R,,. This,
combined with , Lemma Lemma and the fact that

Ixiw,(s,w)| < |[xiw,(0,w)| + ||wy(s,w) — wr( w)|l, ensures for all r € {0,1,2,...,m}
that

Amin(H(s,w)) > (125)

da,(s,w)
ds

S (filsw) — yi>jmo<<wr<s,w>>*xi>

i=1

Z (fi(s,w) — yo)l[(wr(s,w))" ]

T

<¢%<w/; ) + m)nf(s,w)—yn1 (126)
<\/@<,/; ) + Rw>|rf<s,w>—y||2

sj%( ios( 25 ) + Rw>Hf(0,W)—szexp<—A§S>.

Note that Theorem [2.5] ensures that
Ry < 1. (127)
This, (126)), ensures for all r € {0,1,2,...,m} that

t
da,
o

(
<1og< >+Rw>uf<o,w>—y||2 .
< lo <7g>)llf(07w)—yll2

The proof of Lemma [.6]is thus completed. O

or(t.) ~ a:(0.)] < |

2v/n
Aov/m
4v/n
= Aov/m
—R..
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Next, note that m > I;TE max 2 27 log(4"m)> ensures for all

wEBg—{wEQ ly — f(0w)||§§ ( )}E}'thatR;U<RwandR;<Ra.

Lemma 4.7. Assume the conditions of Theorem [[.9 and let w € By N By N B3 N Bs,
t €[0,00). Then

(Z) it holds that P(Bl N By N Bs ﬂB5) >1-6

(ii) it holds that

A
Amin (H(t, w)) > ?0 (129)
(1ii) for allr € {0,1,2,...,m} it holds that

lwe (t,w) = W, (0,w)], < R, (130)

(iv) it holds that
lar(t,) — ar(0,0)| < R, (131)

(v) it holds that
ly — f(taw)llg < exp(—tho)lly — f(0,w)]5. (132)

Proof of Lemma[/.7. First note that and Lemma m establishes item (fi). Note
that R, < R, and that R, < R,. Assume that the theorem does not hold, let ¢; € [0, 00)
be the minimal such that the theorem does not hold for all ¢t € [0,t1], w € BN BN BsN Bs.

Assume that there exist a wyg € By N By N B3 N By such that Ay, (H(t,wp)) < %
then Lemma ensures that there exist a r € {1,2,...,m} such that
||lw(t1,wo) — Wr(0,wp)|| > Ry or/and |a,(t1,wp) — ar(0,wp)| > Rg. The assumption that
R, < R, and R, < R, ensures a contradiction to the minimality of ;.

Assume that there exist r € {1,2,...,m}, wg € By N By N B3 N Bs such that
Wy (t1,w0) — wr-(0,w0)|ly > R, then Lemma and the fact that R, < R, ensures
that ||w,(t1,wo) — w,-(0,wp)|l, < Ry, a contradiction.

Assume that there exist r € {1,2,...,m}, wgp € By N By N B3 N Bs such that
|la,(t1,wo) — ar(0,wp)| > R,,. Then Lemma and the fact that R,, < R, ensures
for all » € {0,1,2,...,m} that |a,(t1,wo) — ar(0,wp)| < R;, a contradiction.

Assume that there exist wg € B N By N By N Bs such that |ly — f(ty,wo))|5 >
exp(—t1Ao)|ly — f(O, w0)||§, then by Lemmathere exist an s € [0,¢1] such that
Amin(H(s,w)) < /\2 , a contradiction.

The proof of Lemma [£.7]is thus completed. O

The proof of Theorem [£.2]is thus completed.

5 Numerical Experiments

Following [7], we test some of the results by applying gradient descent to synthetic data.
We generated n = 100 data points {x;}1% such that x; € Unif[(—1,1)]¢ for d = 1000,
and y ~ N(0,I). Note that one epoch corresponds to one step with gradient descent. In
Figure[I[ A) we compare the convergence rate of the training loss for different values of m
when trained with gradient descent. We normalise the training loss for the cases where
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Figure 1: Results for synthetic data when training the neural network with gradient
descent for n = 100, d = 1000.

m # 1000 so that all training losses are the same as the training loss for m = 1000 in the
first epoch to more clearly see the difference in convergence rate for different values of m.
In Figure B) we plot the percentage of all r € {0,1,2,...,m}, i € {0,1,2,...,n} such
that the activation pattern changes sign, i.e., such that it holds that sign((w,(k,w))*x;) #
sign((w,(0,w))*x;). This illustrates the result of Lemma [2.8]

In Figure C) we plot the maximum distance the weights has from their initialisation,
aiming to illustrate the result in Lemma |3.2

In Figure D) we consider how the least eigenvalue of H, an important measure to
understand the convergence properties of the training loss, changes during the iterations
and for different values of m. This illustrates Theorem [2.5] and showcases an estimate on
an bound on the convergence rate.

The full code to generate the results shown in the figures, written in Python, is
available on GitHub: https://github.com/Elliotepsteino/Gradient-Descent.git.

6 Discussion
The analysis focus only on the training loss and not the test loss, which is a limitation on

the strength of the result. Also, a change of the proof to allow for accelerated methods to
optimise the training loss would make the result more practically useful. The dependence
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on nb for the over-parametrization of the number of weights limits the practical scope to
use the result to theoretically ensure convergence for algorithms used in practice. Further,
most neural networks used in practice are deep, which limits the scope of the result. This
weakness is addressed in [§], a result that requires more involved arguments.

Despite this, the result is novel in that with small limitations on the input data,
convergence to zero training loss in polynomial time is guaranteed with a high probability
over the random initialisation of the weights.

6.1 Further directions

In order to extend the analysis to deep neural networks, i.e., if f has the form
f= (a)*a(W<H>0(W<H*1>...a(W“)))), (133)

were W1, W2, ... W are matrices and H is the depth of the network. One can follow the
analysis made in [8]. When the depth of the network, H, is equal to one, the dependence
on n for the over-parametrization is also improved from Q(n®) to Q(n*). In a similar way as

in [7], it is possible to write the prediction dynamics as dfg,;w) = (ZJH:1 Gj) (y—f(t,w)). It

can be shown that all G7 are positive semi-definite, thus, the analysis focuses on showing
that GU1) is positive definite. To show this, it is used that at each step k = 0,1, ...,
G (k) is close in 2-norm to a recursively defined matrix K(?) that is not dependant on
the weights and that is positive definite if no two inputs are parallel, in analogy to the
present treatment of §.

7 Appendix
In the appendix a number of basic theorems that are used repeatedly are listed for an
easy reference. Most theorems will not be proved, but a reference will be given.

Theorem 7.1. Let w be a standard normal random vector and let ||x||3 = 1. Then it
holds that
w'x ~ N(0,1) (134)

Proof of Theorem [7.1] Using that all components of a standard normal random vector is
independent standard normal random variables, and that HXH% = 1 ensures that

d d
WX = w NN(O,ZxE) = N(0,1). (135)
=1 i=1

The proof of Theorem [7.1] is thus completed.

O
Theorem 7.2 (Markov). If X is a nonnegative random variable and a > 0 then it holds
that Elx
P(X >a)< [ ] (136)
a
Proof of Theorem[7.9 See the book [9]. O
Theorem 7.3. Let X: R — R? be a vector valued function. Then it holds that
t t
|| xes| < [1xc,a (137)
0 2 0
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Proof of Theorem[7.3 See the book [9]. O

Theorem 7.4 (Hoeffding). Let (Q, F,P) be a probability space, let N € N and let
Xn: Q —[0,1], be independent random variables. Then

N
1 2
— - >el < — .
IP’(N ;(Xn E[X,])| > e) < 2exp(—2€2N) (138)
Proof. See the article [13]. O

Theorem 7.5 (Union Bound). Let P be a probability measure on (2, F). Then it holds

for all A; € F, i€ N that
P(U AZ-) <> P4, (139)
=1 =1

Proof of Theorem[7.5 See the book [9]. O

Lemma 7.6. Let x € R", let ||.||,: R* — R be the Euclidean norm on R™, and let
|.ll;: R® — R satisfy for all b= (b1,ba,...,b,) € R™ that ||bl|, = > ;" |bi|. Then it holds
that

Iy < [lxlly < Vallxll, (140)

Proof of Lemma[7.6. See the book [1]. O

Lemma 7.7. Let A be a square matriz, let ||A|, be the matriz 2-norm and let || Al be
the frobenius norm. Then it holds that

[All; < [[Allp- (141)

Proof of Lemma[7.7]. See the book [1]. O
Lemma 7.8. For all square, symmetric matrices A and B it holds that

[Amin(A4) = Amin (B)| < [|A = Bll, (142)

Proof of Lemma[7.8 See the book [1]. O

Lemma 7.9. Let n € N, assume that H € R™*" is a square matriz. Then for all x € R"
it holds that
X HX > A (H)|x 3. (143)

Proof of Lemma([7.9. See the book [1]. O
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